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We study a prototype for the problem of determining the irreducible factors of
the spaces spanned by currents between homogeneous vector bundles. More specifi-
cally, let G denote the conformal group of Minkowski spacetime M0 , or more
precisely, SU(2, 2). It is shown that the positive-energy unitary G-irreducible
massive factors of the one-form bundle over the conformal compactification of M0
are bundle-equivalent to spaces spanned by currents of the spinor bundle.
This has the interpretation that the Z-particle may be modelled by the represen-
tation of G of lowest K-type (‘‘LKT’’) (3, 12, 12), where K=SU(1)_SU(2)_
SU(2) and (m, j, j $) refers to the representation in which the lowest eigenvalue of
the SU(1) generator is m, while j and j $ are the spins of the left and right SU(2)
representations. In particular, this ‘‘Z ’’ representation is bundle-equivalent to the
representation of G in a space of currents between neutrinos, of LKT (32, 0, 12),
and antineutrinos, of LKT (32, 12, 0).
The W\-particle representation may similarly be modelled by the representation
of G of lowest K-type (4, 0, 0), the only other massive positive-energy unitary factor
of the one-form bundle. In particular, the W& is equivalent to a space of currents
between the electron, of LKT (52, 0, 12), and the antineutrino.
These results are consistent with the possibility that all quasi-stable elementary par-
ticles may be modelled by similar subspaces of bundle products.  1998 Academic Press
1. INTRODUCTION
Let G be a Lie group and let S and S$ denote the section spaces of two
G-homogeneous vector bundles over a space M, transforming according to
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representations R and R$ of G. Suppose there exists a G-invariant ses-
quilinear form F(u(x), u$(x))=H(x) in the sections u(x) and u$(x) of S and
S$, which is local in the sense that F(c(x) u(x), u$(x))=c(x)(F(u(x), u$(x))
and F(u(x), c(x) u$(x))=c(x)* (F(u(x), u$(x)) for arbitrary smooth scalar
functions c(x), where the * denotes complex conjugation. The problem
treated here is a prototype for the general problem of determining the com-
position factors of the space L of linear combinations of the H(x), given
those of S and S$.
Formally, L appears as a subspace of the tensor product of R and R$.
However, it will typically be much smaller than the tensor product. In
addition, where there are given topologies in S and S$, e.g., when R and R$
are unitary, the map (u, u$)  F(u, u$) is not necessarily defined or con-
tinuous into the Hilbert space tensor product of S and S$.
The problem is thus quite distinct from the well explored one of the
determination of the factors of the tensor product. It arises in a natural way
in the mathematical theory of elementary particles, in which connection it
is effectively an infinite-dimensional generalization of the role of the
ClebschGordan decomposition. The sesquilinear forms H(x) that arise are
known as currents because of their role in connection with the Maxwell
Dirac equations. Relativistic invariance of these equations has to do with
the equivalence of the Lorentz transformation properties of electron
currents, as recognized long ago by Brauer and Weyl [1]. Only finite-
dimensional representations were involved in the context they treated, and
the issue was essentially fully resolved by them.
Here, however, we are concerned with elementary particles modelled as
irreducible unitary representations of the conformal group G=SU(2, 2),
rather than of the Poincare group. In addition, we focus on the interactions
of particles, rather than their free structure, to which the analysis of Wigner
[2] in terms of the Poincare group, a subgroup of G, was limited. Free
particle theory based on the conformal group was developed earlier in
[36], cited hereafter as IIV. Paper IV in this series treats aspects of a canon-
ical interaction between these particles, which extends quantum electro-
dynamics to a conformally invariant larger system. We are here concerned
with aspects of the electromagnetic and weak interaction subsystem of this.
The mathematical issues may be clarified by the physical interpretation,
and we make the following remarks. Since mass is not invariant under con-
formal transformations, it may at first glance appear inappropriate to
model a massive particle as a representation of G. However, the physically
observed mass of an elementary particle typically has a ‘‘width,’’ or prob-
ability distribution, and therefore is not properly associated with an
irreducible representation of the Poincare group. Mach’s principle asserts
that mass arises from the interaction with the background universe. Assum-
ing this, there is no contradiction between the conformal invariance of the
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fundamental forces and the existence of mass, since the background
universe cannot be conformally or even Poincare invariant. In other terms,
it is only the state of the universe, rather than its basic group and operator
algebraic structure, that necessarily lacks conformal invariance.
For very long-lived particles such as the electron and proton, into which
quasi-stable massive particles ultimately decay, this interaction takes place
over a cosmic time period. This time period is infinitely long relative to the
full time interval &<x0< in M0 , if we use as our spacetime arena
the universal cosmos, or the unique alternative spacetime M with com-
parably cogent properties of symmetry and causality [7]. M may be
defined as the universal cover of the conformal compactification M of M0 ,
and is conformally equivalent to the Einstein Universe EtR1_S3. In
causality and associated symmetry features, M is locally Minkowskian, and
time evolution in M and M0 are coincident locally within terms of second
order in distance and time, but are quite different on a cosmic scale. The
entire time interval &<x0< in M0 is contained in the interval
&?<t<?, where t is the time in E in natural units, and x0 is the time in
M0 that is infinitesimally synchronous with t. There is thus ample time for
cosmic interactions to produce a Poisson-like mass spectrum for truly
stable massive particles, whose dispersion is unobservably small relative to the
observed mean mass (cf., e.g., [8,9]). There are theoretical as well as empirical
indications, e.g., [10, 11, and Refs.], for the physical applicability of M .
The present work is relevant to the local interaction of particles, modulo
the cosmic effect implied by Mach’s Principle, and only this interaction is
G-invariant. The mass spectra of particles are invariant under the maximal
essentially compact subgroup K of G, whose universal cover is also the
isometry group of the Einstein universe E. This is presumed to be
approximately stationary on a short cosmic scale, i.e., that of so-called dis-
crete sources, a fortiori that of microscopic interactions, although its fac-
torization as R1_S 3 may vary on the long time scale of diffuse cosmic
sources. This factorization represents the global inertial frame in M defined
by minimization of the energy of the contents of the universe, e.g., [12].
2. TECHNICAL PRELIMINARIES
The overall particle and interaction structure involved in the present
analysis is briefly as follows (see IV for further details). There are given
bundles representative of fundamental ‘‘fermions’’ (i.e., particles obeying
FermiDirac statistics) and ‘‘bosons’’ (which obey BoseEinstein statistics).
These are modelled as the tensor products 7 and 6 of scalar bundles over
M of weights 2 and 0 with the (finite-dimensional) spin and adjoint
representations 7 and 6 of G.
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7 may be K-invariantly parallelized and represented by the space of all
C functions from M to the eight-dimensional representation space R(7)
for 7. In R(7) there is a 7-invariant indefinite inner product denoted
((x, y)) , which is essentially unique if further constrained by invariance
under space reversal. There is a corresponding inner product between sec-
tions, (u( . ), u$( . ) . )= ((u(x), u$(x))) dx, where the integration is over M ,
in which dx denotes the K-invariant measure. This is G-invariant by virtue
of the weight 2 for the associated scalar bundle.
The space of all traceless linear transformations on R(7) is equivalent to,
and conveniently identified with the representation space R(6) for the
adjoint representation 6 of G. There is accordingly a G-invariant trilinear
form (A, $) on R(7)_R(7)_R(6), where , $ are in R(7) and A is
in R(6). The integral  (A(x) (x), $(x)) dx over M is then also
G-invariant and defines the Lagrangian action for the interaction under
consideration here. The usual interaction Lagrangian of QED may be iden-
tified with the restriction of this Lagrangian to suitable sub- andor
quotient spaces of 7 and 6, and partially motivates its form.
As shown in IV, 7 contains a nontrivial invariant sub-bundle. The
quotient of 7 modulo this sub-bundle is bundle-equivalent to the spinor
bundle, i.e., that induced from the spin representation of the Poincare sub-
group P , of conformal weight 32, to G. The section space 6 contains a
sub-bundle 8 that is equivalent to the one-form bundle over M . In the
following we are concerned only with the spinor and one-form bundles and
the restriction of the indicated action integral to their section spaces. In
physics terminology this is a spinor‘‘vector’’ interaction, which with
further restrictions on the masses, and in the flat space M0 rather than M ,
underlies the conventional electroweak theory due to Glashow, Salam, and
Weinberg, e.g., [13]. The remainder of the overall system described above
may be interpreted as a model for strong and other complementary interac-
tions (cf., e.g., [14]), and is outside the scope of the present considerations.
We interpret as (quasi-) stable elementary particles only those irreducible
composition factors of the spinor and one-form bundles that are unitarizable
with positive or negative energy, where the energy is the infinitesimal generator
of time evolution in M (or equivalently, if the energy in M0 is positive or
negative). These have been determined in IIIV. The spinor bundle con-
tains an invariant subspace 0 all of whose composition factors (or complex
conjugates thereof) are of positive energy and unitarizable, and modulo
which the energy in the quotient action of G is neither.
0 contains an invariant subspace 00 of GelfandKirillov dimension [15,
16] 3, corresponding to the physical interpretation of the corresponding
particles as ‘‘massless.’’ (In physical terminology, the GelfandKirillov
dimension is the number of independent quantum numbers having an
infinite number of values. For a massless particle, these quantum numbers
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are the total energy, angular momentum, and linear momentum. A massive
particle has the additional quantum number of mass, and thus corresponds
to a representation of GelfandKirillov dimension 4.)
This subspace 00 is the direct sum of 4 irreducible components, which
are transformed into one another by the four-group of outer automor-
phisms of G that is generated by space inversion x  &x and time inversion
t  &t. Each component transforms equivalently to the representation of
G defined by the massless Dirac, or neutrino, equation. Modulo this sub-
space, 0 has four irreducible components, again interchanged by the outer
automorphisms of G, each of which transforms equivalently to a direct
integral (in M0) or sum (in M) over all masses of the solutions of the Dirac
or EinsteinDirac (i.e., in E; see [10])) equation.
All of the positive-energy spinor composition factors are equivalent to
one of just two types, apart from discrete symmetries, of LKT (32, 12, 0)
in the case of neutrinos and (52, 12, 0) in the case of electrons. These are
interchanged by space inversion. The stable one-form factors are of three
types: the left and right photons, of LKT (2, 1, 0) and (2, 0, 1), which are
interchanged by space inversion, as defined by the Maxwell equations, and
two others: (3, 12, 12), and (4, 0, 0) (see III, IV). Since the W and Z par-
ticle fields are thought to transform like one-forms, it is a natural conjec-
ture that they are represented by these other factors, but it is not clear a
priori which should be which.
The physical context indicates that the W relates to an electronneutrino
pair, and the Z to a neutrinoantineutrino pair. The latter pair would
represent the conjunction of the LKTs (32, 12, 0) and (32, 0, 12), whose
tensor product is the LKT (3, 12, 12), suggesting that it represents the Z.
The electronantineutrino pair would represent the conjunctions of the
LKTs (52, 12, 0) and (32, 12, 0), whose tensor product is the direct sum
of the LKTs (4, 0, 0) and (4, 1, 0). The W is thus suggested to be one of these.
The currents span subspaces of these tensor product spaces. In the
following it will be confirmed that the space spanned by the neutrino
antineutrino currents transforms precisely as the representation of G of
LKT (3, 12, 12), and that spanned by the electronantineutrino subspace
spans precisely the representation of LKT (4, 0, 0). This then serves not
only to indicate the particle assignments for the stable factors of the one-
form bundle, but more significantly to confirm the consistency of the
present model with general experimental indications.
3. THE SPINOR CURRENTS
We complete the identification of the Z in the present context by show-
ing that this is the case. Denoting neutrino and antineutrino states as 
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and $, let J(, $) denote the corresponding current vector. This may be
defined as having the components $*T#4, where T denotes the transpose
of  as a column vector, and #4 denotes the Dirac matrix. In abstract
terms, J is characterized by the property that ((A, $)) =(A, J) .
Theorem 1. The representation of G on the space of all linear combina-
tions of the neutrinoantineutrino currents J(, $) contains the Z as a
subrepresentation.
Proof. We follow the analysis of [4] regarding wave functions (cf.
notational summary in [10]). Thus, the spinor wave function eitn hklm
having the Einstein quantum numbers energy n, helicity h2, linear and
angular momenta k and l, and z-component of angular momentum m will
be denoted  hklmn . This wave function may be expressed in terms of the
scalar orthogonal basis ;klm (in which the corresponding quantum numbers
are diagonalized [3] on S 3) as follows. Let ;&1klm and ;
1
klm denote the
column half-spinors having respective components (;klm , 0) and (0, ;klm).
Then
 hklmn=e
itn[ih(k+l+1+h(l+1)) ;&1klm+1
+ih(k+l+h(l+1))(l+m+1) ;1klm
+2(l+1) ;&1k&1, l+1, m+1&2(l+1)(l&m+1) ;
1
k&1, l+1, m].
A basis for the massless solutions of the Dirac equation in M includes
four families. These take the form of column 2-vectors having components
that are half-spinors, as follows:
(1)  1, 1klmn , having components 
1
klmn and 0,
(2)  1, &1klmn =#4 
1, 1
klmn ,
where the indices k, l and m take on integral values restricted as follows:
k0, l0, &l&1ml, and n=k+l+32;
(3)  &1, 1klmn , having components 
&1
klmn and 0,
(4)  &1, &1,klmn =#4
&1, 1
klmn ,
where the indices k, l, and m take on integral values restricted as follows:
k1, l0, &l&1ml, and n=&k&l&12.
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Thus for n=32, there are two independent solutions, as follows, where
column vectors are denoted horizontally with square brackets:
 1, 1000, 32=e
3it2[ 1000, 0]=2ie
3it2[1, 0, 0, 0];
 1, 100, &1, 32=e
31t2[ 100, &1, 0]=2ie
3it2[0, 1, 0, 0].
Here ;000 has been replaced by its explicit value, 1.
When n=&32 there are also two independent solutions, as follows:
 &1, 1100, &32=e
&3it2 &1, 1100 =e
3it2[ &1100 , 0]
=e&3it2[&i;100&2;010 , 2;011 , 0, 0];
 &1, 110, &1, &32=e
&3it2 &1, 110, &1=e
&3it2[ &110, &1 , 0]
=e&3it2[&4;01, &1 , &i;100+2;010 , 0, 0].
The currents J(, $)=-#4 #+ $# j+(, $) will now be computed
between the neutrino (n>0) and the antineutrino $(n<0).
Note that for +=1, 2, 3:
j+(e3it2 1, 1klm , e
&3it2 &1, 1k$l $m$)=ie
&3it[ 1, 1klm]
- #4#+ &1, 1k$l $m$ ,
and that for +=0,
j0(e3it2 1, 1klm , e
&3it2 &1, 1k$l $m$)=e
&3it[ 11klm]
- #4 #0 &1, 1k$l $m$
=&ie&3it[ 1klm]
-  &1k$l $m$ ,
because of the particular form of  h, 1klm=(
h
klm , 0)
T (where T indicates the
transpose). From this the current components are straightforward to
evaluate, with the following results:
J( 1, 1000, 32 , 
&1, 1
000, &32)
=e&3it[2i;100+4;010), 4;011 , &4i;011 , &2i;100&4;010)];
J( 1, 1000, 32 , 
&1, 1
10, &1, &32)
=e&3it[8;01, &1 , &2i;100+4;010 , 2;100&4i;010 , &8;01, &1];
J( 1, 100, &1, &32 , 
&1, 1
100, &32)
=e&3it[&4;011 , &2i;100&4;010 , 2;100&4i;010 , &4;011];
J( 1, 100, &1, 32 , 
&1, 1
10, &1, &32)
=e&3it[2i;100&4;010 , &8;01, &1 , &8i;01, &1 , 2i;100&4;010].
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To establish the theorem, it suffices to show that the space spanned by
these particular currents carries the representation of K of type (3, 12, 12),
which is lower than any other possible K-type in the space spanned by all
the currents. This then implies that the representation of G carried by the
full current space contains the irreducible representation of G of LKT
(3, 12, 12), and thus contains the ‘‘Z ’’ representation. To this end it must be
first be shown that the space 5 spanned by the four currents just computed
is in fact G-invariant.
We denote the spinor representation of G as S, in the left-invariant
parallelization of the spinor field space given in [4]. The U(1) subgroup of
K acts only on the Einstein time t, which occurs in an exponential form
that trivially implies the invariance of 5 under U(1). The spatial transfor-
mations in K form a six-parameter group that is generated by the Xj and
Yj ( j=1, 2, 3), whose actions under S are as follows,
d7(Yj)=&Yj , d7(Xj)=&X j&i \_j0
0
_ j+ ,
where for any generator W, W represents the corresponding vector field.
Setting U for the action of G on the linear span of the currents, note that
for any generator W of K,
dU(W) J(, $)=J(d7(W) , $)+J(, d7(W) $).
From the special form of the , it follows that X j=Yj =0.
Explicit computation now shows that dS(Xj)  is a linear combination of
 11000 and 
11
00, &1 . To complete the proof of the K-invariance of 5, it suffices
now to show the
Lemma. With $ as above.
(i) Yj$ is a linear combination of &1, 1100 and 
&1, 1
10, &1 ;
(ii) d7(Xj) $=0.
Proof of Lemma. It is convenient to express ;klm for the case k+l=1
that is relevant here in terms of the standard euclidean coordinates
(u1 , u2 , u3 , u4) in the four-dimensional euclidean space in which S 3 is
usually regarded as imbedded, as the unit sphere centered at the origin.
From [3] it follows that
;100=2u4 , ;010=u3 , ;011=u1+iu2 , ;01, &1= 12 (u1&iu2).
In [4], the Xj and Yj are expressed in terms of the uj ( j=1, 2, 3) as
follows, where j denotes uj :
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X1=u4 1&u3 2+u2 3 , X2=u3 1+u4 2&u1 3 , X3
=&u2 1+u1 2+u4 3 ;
Y1=u4 1+u3 2&u2 3 , Y2=&u3 1+u4 2+u1 3 , Y3
=u2 1&u1 2+u4 3 .
Straightforward computation now shows that
Y1 &1, 1100 =&i
&1, 1
10, &1 ; Y1
&1, 1
10, &1=&i
&1, 1
100 ;
Y2 &1, 1100 =
&1, 1
10, &1 ; Y2
&1, 1
10, &1=&
&1, 1
100 ;
Y3 &1, 1100 =&i
&1, 1
100 ; Y3
&1, 1
10, &1=i
&1, 1
10, &1 .
This establishes part (i) of the Lemma. To establish part (ii),
dS(X1)  &1, 1100 =&[2iu1&2u2 , &2u4+2iu3 , 0, 0]
&i[_1[&2iu4&2u3 , &2u1&2iu2], 0, 0]=0;
dS(X2)  &1, 1100 =&[2iu2+2u1 , &2iu4&2u3 , 0, 0]
&i[_2[&2iu4&2u3 , &2u1&2iu2], 0, 0]=0;
2 dS(X3)=[dS(X1), dS(X2] (commutator),
implying that
dS(X3)  &1, 1100 =0.
Finally, noting that the dS(Xj) and the Yk commute,
dS(Xj)  &1, 110, &1=dS(Xj) Y2
&1, 1
100 =Y2 dS(X j) 
&1, 1
100 =0.
Resumption of Proof of Theorem. Now that it has been shown that the
indicated currents span an invariant linear manifold under SU(2)_SU(2),
acting via the representation U, the subrepresentation in question may be
identified by computation of the casimirs of the SU(2) factors. Specifically,
these casimirs are C= 14 (Y
2
1+Y
2
2+Y
2
3) and C$=
1
4 (X
2
1+X
2
2+X
2
3), and
these act as follows via U. Note that
dU(C) J(, $)= 14 J(, (Y
2
1+Y
2
2+ y
2
3) $)=&(34) J(, $),
since the $ are spherical harmonics of degree 1 (k+l=1), and
(Y 21+Y
2
2+ y
2
3) ;klm=2;klm=&(k+l )(k+l+2) ;klm .
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Similarly,
dU(C$) J(, $)= 14 J([dS(X1)
2+dS(X2)2+dS(X3)2] , $])
=&(34) J(, $),
since _21+_
2
2+_
2
3=3l2 .
Both casimirs are thus carried into &34, identifying the subrepresenta-
tion as (12, 12), and completing the proof.
We may now apply the same analysis to the W and the electron
antineutrino current, obtaining
Theorem 2. The representation of G on the space of all linear combina-
tions of the electronantineutrino currents contains the W as a subrepresenta-
tion.
Proof. Because the W has the LKT [5, 6](4, 0, 0), which is one-dimen-
sional, it suffices to exhibit a current that transforms in accordance with
this K-type. Let  denote a neutrino wave function of the form earlier
given, e3it2[1, 0, 0, 0]. Let $=e&5it2[1, 0, 1, 0]; then $ satisfies the
EinsteinDirac equation, Dc$=$, where Dc is the EinsteinDirac
operator, given in [10, p. 356]. $ represents an electron wave function of
Einstein frequency &52, i.e., a positron wave function of energy 52. Both
 and $ are space-independent, so that the current J(, $) takes the form
e4itC, where C is a constant vector, which a simple computation shows is
nonvanishing. This current has Einstein frequency 4 and is space-independ-
ent, so that its constant multiples form the requisite subspace transforming
according to the K-type (4, 0, 0).
Remark. In informal terms, Theorems 1 and 2 are to the effect that the W
and the Z may be ‘‘made’’ from an electronneutrino pair and a neutrino
antineutrino pair, respectively. This leaves open the corresponding question
for the photon, the remaining positive-energy unitary irreducible factors of
the one-form bundle. The physically natural a priori supposition is that it
could be made from an electron-positron pair. But since the lowest energy of
the photon is 2, while the minimal energy of an electronpositron pair is 5,
the photon LKT cannot be contained in the electronpositron current space.
A possible explanation for this difference between the photon and the other
physical factors of the one-form bundle is that real rather than complex
spinor fields must be used, in conjunction with eventual introduction of a
complex structure into the bundle product leading to a positive-energy
unitarization. This is suggested by the analysis of electron interaction in
terms of real spinor fields [17]. It is suggestive also that the minimal total
energy of an electronantielectron pair is 52+52=5, precisely the sum of
the minimal energies of the photon and of the Z. It may thus be possible to
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produce both the latter particles from the real bundle product with itself of
the space of real spinors of weight 32.
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